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Abstract
An overview about C*-algebra bundles with a Z -grading is presented,
with particular emphasis on classification questions. In particular, we
discuss the role of the representable KK(X;−,−)-bifunctor introduced
by Kasparov. As an application, we consider Cuntz-Pimsner algebras
associated with vector bundles, and give a classification in terms of K -
theoretical invariants in the case in which the base space is an n -sphere.
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1 Introduction.
The classification of C*-algebras by K -theoretical invariants is a rich and inter-
esting topic; the relative program particularly succeeded in the case of simple,
nuclear, purely infinite C*-algebras ([12, 19]).
In order to extend such results to the case of non-simple C*-algebras, it is
natural to consider a particular class, namely C*-algebra bundles over a locally
compact Hausdorff space X . In order to find good invariants, in this case the
better-behaved tool is the representable KK(X ;−,−)-theory introduced by
Kasparov in [11], which takes into account the bundle structure of the underlying
C*-algebra. KK(X ;−,−)-theory has been recently extended to the case in
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which X is a T0 space, in order to consider primitive ideal spectra of C*-
algebras ([13]).
Aim of the present paper is to present an overview about C*-algebra bun-
dles with a Z-grading, and their associated KK(X ;−,−)-theoretical invariants.
Our main motivation arises from the case of the universal C*-algebra of a vector
bundle E → X , which is constructed as the Cuntz-Pimsner algebra associated
with the bimodule of continuous sections of E . Such a C*-algebra has a nat-
ural structure of a Z-graded bundle over X , with fibre the well-known Cuntz
algebra. We are interested to classify such C*-algebras in terms of properties of
the underlying vector bundles.
All the material presented in the present paper appeared elsewhere (in some
different form), with the exception of our main result Thm.5.8, where we classify
C*-algebras of vector bundles in the case in which the base space is an n-sphere.
It is aim of the present work to be self-contained: the reader is assumed to
be familiar at an elementary level with C*-algebra theory ([18]), and K -theory
([2, 4]). In the case of results proved elsewhere, the proofs will be sketched or
omitted. Some of the results exposed in the present paper appear in [24].
2 Bundles and C0(X)-algebras.
Let X be a locally compact Hausdorff space, C0(X) the C*-algebra of complex-
valued, continuous, vanishing at infinity functions on X . A continuous bundle
of C*-algebras over X is a C*-algebra F , equipped with a faithful family of epi-
morphisms {πx : F → Fx}x∈X such that, for every a ∈ F , the norm function
{x 7→ ‖πx(a)‖} belongs to C0(X); furthermore, F is required to be a nonde-
generate C0(X)-module w.r.t. pointwise multiplication f, a 7→ {f(x) · πx(a)} ,
f ∈ C0(X). If X is compact, we consider the analogous notion by using the
C*-algebra C(X) of continous functions on X .
Example 2.1. Let A be a C*-algebra. Then, the C*-algebra tensor product
C0(X) ⊗ A is a continuous bundle, called the trivial bundle. To be more
concise, we define
XA := C0(X)⊗A . (2.1)
The above notion of continuous bundle has been given in [14]: it is a simpli-
fied version of the classical notion of continuous field (see [7, §10]). We refer to
the last-cited reference for the notions of restriction ([7, 10.1.7] and local trivi-
ality ([7, 10.1.8]), which are the analogues to well-known notions in the setting
of topological bundles.
Let A be a C*-algebra. To be more concise, we will call A- bundle a locally
trivial continuous bundle F with fibre Fx ≡ A , x ∈ X .
A C0(X)-algebra is a C*-algebra A , equipped with a nondegenerate mor-
phism from C0(X) into the centre of the multiplier algebra M(A) ([11, §2]);
in the sequel, we will identify C0(X) with the image in M(A). C*-algebra
morphisms commuting with the C0(X)-actions are called C0(X)-morphisms.
2
We denote by autXA the group of C0(X)-automorphisms of A . It is proved
in [16] that the category of C0(X)-algebras is equivalent to the one of ’upper
semicontinuous bundles’; the fibre of A over x ∈ X is defined as follows: we
consider the closed ideal Ix := C0(X − {x}) · A ⊂ A , and define Ax := A/ Ix .
In particular, every continuous bundle is a C0(X)-algebra. We will denote by
⊗X the minimal tensor product with coefficients in C0(X) ([5]).
3 Hilbert bimodules and Cuntz-Pimsner alge-
bras.
For basic notions and terminology about Hilbert bimodules, we refer to [4, §13].
Let B be a C*-algebra, M a right Hilbert B -module. We denote by L(M)
the C*-algebra of (bounded) adjointable right B -module operators on M , and
by K(M) the ideal of compact right B -module operators of the type
θψ,ψ′ϕ := ψ · 〈ψ
′, ϕ〉 , (3.1)
where ψ, ψ′, ϕ ∈M and 〈·, ·〉 denotes the B -valued scalar product.
Let M be a Hilbert A-B -bimodule. In the sequel, if not specified, we will
identify elements of A with the corresponding operators in L(M), by assuming
that the morphism A → L(M) is injective.
Definition 3.1. Let A , B be a C*-algebras, M a Hilbert A-bimodule, N
a Hilbert B -bimodule. A covariant morphism from M into N is a pair
(β, η) , where β : M→ N is a Banach space map, η : A → B is a C*-algebra
morphism, and the following properties are satisfied for a ∈ A , ψ, ψ′ ∈M :
β(aψ) = η(a)β(ψ) , β(ψa) = β(ψ)η(a) , 〈β(ψ), β(ψ′)〉 = η 〈ψ, ψ′〉 ,
where 〈·, ·〉 denotes the A-valued (resp. B -valued) scalar product of M (resp.
N ).
Example 3.1. Let α : A → B be a C*-algebra isomorphism, M a Hilbert A-
bimodule. We introduce a Hilbert B -bimodule Mα , defined as the set Mα :={
ψ, ψ ∈ M
}
endowed with the vector space structure induced by M . The
Hilbert B -bimodule structure is defined as follows:
bψ := α−1(b)ψ , ψb := ψα−1(b) ,
〈
ψ, ψ′
〉
:= α 〈ψ, ψ′〉 .
We call Mα the pullback bimodule of M . Let now β(ψ) := ψ , ψ ∈M ; it is clear
that the pair (β, α) is a covariant isomorphism from M onto Mα . Viceversa, if
(β, α) is a covariant isomorphism from a Hilbert A-bimodule M into a Hilbert
B -bimodule N , then Mα is isomorphic to N as a Hilbert B -bimodule.
Let A be a C*-algebra, M a Hilbert A-bimodule. The Cuntz-Pimsner C*-
algebra (CP-algebra, in the sequel) associated with M has been introduced in
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[20]; it is obtained by a universal construction, and supplies a generalization of
crossed products by Z (see Ex.4.3 below) and the well-known Cuntz algebras
Od , d ∈ N ([6]). We will denote by OM the CP-algebra associated with M .
In order to simplify the exposition, we give a description of OM in the case
in which A has identity 1 and M is finitely generated as a right Hilbert A-
module. Let {ψl}
n
l=1 ⊂ M be a finite set of generators, 〈·, ·〉 the A-valued
scalar product; then, for every index l , a ∈ A , we find aψl =
∑
m ψmaml ,
aml := 〈ψm, aψl〉 ∈ A . We consider the universal ∗ -algebra 0OM generated by
{ψl} , A , with relations
ψ∗l ψm = 〈ψl, ψm〉 , aψl =
∑
m
ψmaml ,
∑
l
ψlψ
∗
l = 1 . (3.2)
Note that every ψ ∈ M appears as an element of 0OM , in fact ψ =
∑
l ψl(ψ
∗
l ψ).
It can be proved that there exists a unique (faithful) C*-norm on 0OM such
that the circle action
αz(ψ) := zψ , z ∈ T, ψ ∈M (3.3)
extends to an (isometric) automorphic action. The resulting C*-algebra is the
CP-algebra OM , naturally endowed with the action α : T → autOM . We
introduce the notation
OkM :=
{
t ∈ OM : αz(t) = z
kt
}
, k ∈ Z . (3.4)
Example 3.2. The Cuntz algebra Od , d ∈ N , is obtained in the case A = C ,
M := Cd . Note that (3.2) take the form ψ∗hψk = δhk1,
∑
h ψhψ
∗
h = 1, where
δhk is the Kronecker symbol.
Definition 3.2. ([8, §1]) Let A ⊂ B be a C*-algebra inclusion. A closed vector
space M⊂ B is called Hilbert A-bimodule in B if
1. M is stable w.r.t. left and right multiplication by elements of A ;
2. t∗t′ ∈ A , for every t, t′ ∈M .
We say that M has support 1 if MM∗ := closed span {t′t∗ : t, t′ ∈ M}
contains an approximate unit for B .
Note that if M is a Hilbert A-bimodule in B , then the map t, t′ 7→ t∗t′
can be regarded as an A-valued scalar product; moreover, there is a natural
identification MM∗ ≃ K(M), t′t∗ 7→ θt,t′ . The following proposition is a
consequence of the universality of the CP-algebra (see [20, Thm.3.12]).
Proposition 3.3. Covariant morphisms between Hilbert bimodules give rise to
C*-algebra morphisms between the associated CP-algebras. In particular, OM
is isomorphic to OMα for every pullback bimodule Mα (Ex.3.1). If B is a
unital C*-algebra, and M is a Hilbert A-bimodule in B with support 1 , then
there is a canonical morphism OM → B .
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Let X be a locally compact Hausorff space, E → X a rank d vector bundle,
d ∈ N . Moreover, let Ê be the Hilbert C0(X)-bimodule of continuous, vanishing
at infinity sections of E , endowed with coinciding left and right C0(X)-module
actions. We denote by OE the CP-algebra associated with Ê . For X compact
(so that C(X) is unital and Ê is finitely generated), (3.2) take the form
ψ∗l ψm = 〈ψl, ψm〉 , fψl = ψlf ,
∑
l
ψlψ
∗
l = 1 ,
f ∈ C(X). It is proved in [24, Prop.4.2] that OE is a locally trivial continuous
bundle over X , with fibre the Cuntz algebra Od . Moreover, it is clear that
the circle action (3.3) is by C0(X)-automorphisms: α : T → autXOE . In
particular, if L → X is a line bundle, then the fibre of OL is the C*-algebra
C(S1) of continuous functions over the circle; CP-algebras associated with line
bundles have been classified in [23, Prop.4.3]. In the rest of the present paper,
we will consider only vector bundles with rank > 1.
The main motivation of the present paper is the classification of the C*-
algebras OE in terms of topological properties of the underlying vector bundles.
4 Representable KK -theory.
Let C∗alg denote the category of C*-algebras, Ab the category of abelian
groups. Kasparov constructed a bifunctor KK0 : C
∗alg × C∗alg → Ab ,
assigning to the pair (A,B) an abelian group KK0(A,B). KK0 depends con-
travariantly on the first variable, and covariantly on the second one. Let K0(A)
denote the K -theory of A , K0(A) the K -homology; it turns out that there
are isomorphisms KK(C,A) ≃ K0(A), KK(A,C) ≃ K0(A).
Let X be a locally compact Hausdorff space, A , B C0(X)-algebras. A
C0(X)-Hilbert A-B -bimodule is a Hilbert A-B -bimodule M such that (af)ψb =
aψ(fb) for every f ∈ C0(X), ψ ∈ M , a ∈ A , b ∈ B .
Roughly speaking, a C0(X)-Hilbert A-B -bimodule can be regarded as the
space of sections of a bundle, having as fibres Hilbert Ax -Bx -bimodules, x ∈ X .
Example 4.1. Let A be a C*-algebra, X a locally compact Hausdorff space,
E → X a vector A-bundle in the sense of Mishchenko ([15]). Then, the module
of continuous, vanishing at infinity sections of E has an obvious structure of
C0(X)-Hilbert C0(X)-(XA)-bimodule.
Remark 4.1. In the sequel, we will make use of the following two notions of
tensor product of C0(X)-Hilbert bimodules.
1. Let M be a C0(X)-Hilbert A-B -bimodule, N a C0(X)-Hilbert B -C -
bimodule. We consider the algebraic tensor product M⊙BN with coeffi-
cients in B , and denote by M⊗BN the completition w.r.t. the C -valued
scalar product 〈ψ ⊗ ϕ, ψ′ ⊗ ϕ′〉 := 〈ϕ, 〈ψ, ψ′〉M ϕ
′〉
N
, ψ, ψ′ ∈ M , ϕ ,
ϕ′ ∈ N ; here 〈·, ·〉N (resp. 〈·, ·〉M ) denotes the scalar product on N
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(resp, M); note that 〈ψ, ψ′〉M ∈ B , so that it makes sense to consider
〈ψ, ψ′〉M ϕ
′ . M⊗B N is a C0(X)-Hilbert A-C -bimodule in a natural
way, and is called the internal tensor product of M and N .
2. Let M′ be a C0(X)-Hilbert A′ -B′ -bimodule. The algebraic tensor prod-
uct M⊙C0(X) M
′ with coefficients in C0(X) is endowed with a natural
left (A⊗X A
′)-module action, and with natural (B ⊗X B
′)-valued scalar
product and right action. The corresponding completition M⊗XM′ is a
C0(X)-Hilbert (A⊗XA′)-(B⊗XB′)-bimodule, and is called the external
tensor product of M and M′ .
Let X be a σ -compact metrisable space. Motivated by the Novikov conjec-
ture, Kasparov generalized the construction of KK0(−,−) to the category of
C0(X)-algebras ([11, 2.19]); the corresponding bifunctor is called representable
KK -theory. We will denote it by the notation KK(X ;−,−) (note that in [11]
the notation RKK(X ;−,−) is used). The rest of the present section is devoted
to a brief exposition of the construction of KK(X ;−,−).
Definition 4.1. Let A , B be separable C0(X)-algebras. A Kasparov A-B -
module is a pair (M, F ) , where M is a countably generated C0(X)-Hilbert
A-B -bimodule, and F = F ∗ ∈ L(M) is an operator such that [F, a], a(F 2−1) ∈
K(M) for every a ∈ A . We denote by E(X ;A,B) the set of Kasparov A-B -
modules.
It is customary to consider a Z2 -grading on Kasparov modules ([4, §14]).
Since we do not need such a structure, we will assume that every C*-algebra
(Hilbert bimodule) is endowed with the trivial Z2 -grading.
Example 4.2. Let M be a countably generated C0(X)-Hilbert A-B -bimodule.
Let us suppose that a ∈ K(M) for every a ∈ A ; then (M, 0) ∈ E(X ;A,B),
where 0 is the zero operator. In particular, if every element of K(M) is the
image of some element of A w.r.t. the left A-module action (so that, there is an
isomorphism A ≃ K(M)), then M is called imprimitivity A-B -bimodule
(see [3]).
Example 4.3. Let φ : A → B be a nondegenerate C0(X)-algebra morphism.
We endow B with the C0(X)-Hilbert A-B -bimodule structure
a, ψ 7→ φ(a)ψ , ψ, b 7→ ψb , 〈ψ, ψ′〉 := ψ∗ψ′ ,
a ∈ A , b, ψ, ψ′ ∈ B , and denote by Bφ the associated C0(X)-Hilbert A-B -
bimodule. Now, it is clear that K(Bφ) ≃ B ; thus, φ(a) ∈ K(Bφ) for every
a ∈ A . If B is σ -unital ([4, 12.3]), then (Bφ, 0) ∈ E(A,B) (in fact, Bφ is
countably generated by an approximate unit {un}n∈N ⊂ B ). If A = B and
φ ∈ autXA , then the CP-algebra OAφ is isomorphic to the crossed product
A ⋊φ Z ([20, §2]). If ι : A → A is the identity automorphism, we define
[1]A := (Aι, 0) ∈ E(X ;A,A).
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There are natural notions of homotopy and direct sum over E(X ;A,B). The
representable KK -theory group KK(X ;A,B) is constructed in the same way
as the usual KK0 -group, by endowing the set of homotopy classes of Kasparov
A-B -modules with the operation of direct sum. The bifunctor KK(X ;−,−)
is stable, i.e. KK(X ;A,B) is invariant by tensoring A or B by the C*-algebra
K of compact operators over a separable Hilbert space.
With an abuse of the notation, we will identify the elements of E(X ;A,B)
with the corresponding classes in KK(X ;A,B). We use the notation + to
denote the operation of direct sum in KK(X ;A,B). When X = • reduces to
a single point, then KK(•,A,B) is the usual KK -group KK0(A,B).
Let A , B , A′ , B′ , C be separable C0(X)-algebras. We recall that the
Kasparov product ([11, §2.21]) induces bilinear maps{
×B : KK(X ;A,B)⊗KK(X ;B, C)→ KK(X ;A, C) ,
× : KK(X ;A,B)⊗KK(X ;A′,B′)→ KK(X ;A⊗X A′,B ⊗X B′) .
Remark 4.2. In some particular cases, the Kasparov product takes a simple
form; in fact, with the notation of Ex.4.2, Ex.4.3, we find that
1. (M, 0)×B(N , 0) = (M⊗BN , 0), where (M, 0) ∈ KK(X ;A,B), (N , 0) ∈
KK(X ;B, C), and ⊗B denotes the internal tensor product (Rem.4.1);
2. (M, 0)×(M′, 0) = (M⊗XM′, 0), where (M, 0) ∈ KK(X ;A,B), (M′, 0) ∈
KK(X ;A′,B′), and ⊗X denotes the external tensor product (Rem.4.1);
3. Let φ : A → B , η : B → C be C0(X)-algebra morphisms. Then (Bφ, 0)×B
(Cη, 0) = (Cη◦φ, 0).
Thus, (KK(X ;A,A) , + , ×A) is a ring with identity the class [1]A defined
in Ex.4.3. Let us now consider the ring
RK0(X) := KK(X ;C0(X), C0(X)) ;
it is proven in [11, 2.19] that (RK0(X),+) is isomorphic to the representable
K -theory group introduced by Segal in [21]. If X is compact, it is verified that
(RK0(X),+) coincides with the topological K -theory K0(X). In order for a
more concise notation, we denote by [1]X ∈ RK0(X) the class ([C0(X)]ι, 0)
defined in Ex.4.3.
Lemma 4.2. Let X be a σ -compact Hausdorff space, d ∈ N , E → X a rank
d vector bundle. Then, C0(X) acts on the left on Ê by elements of K(Ê) , and
the pair (Ê , 0) is a Kasparov module with class [E ] := (Ê , 0) ∈ RK0(X) .
Proof. Let 1 be the identity over Ê , θψ,ψ′ ∈ K(Ê), ψ, ψ′ ∈ Ê , the operator de-
fined in (3.1). X being σ -compact, there is a sequence {Kn}n of compact sub-
sets covering X . Let {λn} be a partition of unity with suppλn = Kn , n ∈ N .
By the Serre-Swan theorem, the bimodule of continuous sections of the restric-
tion E|Kn is finitely generated by a set { ϕn,k }k ; we define ψn,k := λnϕn,k ∈ Ê .
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Let now un :=
∑
k θψn,k,ψn,k ∈ K(Ê). Note that un = λ
2
n
∑
k θϕn,k,ϕn,k = λ
2
n .
Thus, the sequence Um :=
∑m
n un =
∑m
n λ
2
n converges to 1 in the strict topol-
ogy. We conclude that Ê is countably generated as a right Hilbert C0(X)-
module by the set {ψn,k} . Let now f ∈ C0(X). We regard at f as an element
of L(Ê). Now, ‖f − f
∑m
n un‖ =
∥∥f −∑mn λ2nf∥∥ m→ 0; thus f is norm limit of
elements of K(Ê), and C0(X) acts on the left over Ê by elements of K(Ê). We
conclude that the pair (Ê , 0) defines a class in RK0(X).
Let A be a C0(X)-algebra, E → X a vector bundle. We define Ê⊗XA as the
external tensor product Ê ⊗XAι (where Aι is defined in Ex.4.3). The Kasparov
product induces a natural structure of RK0(X)-bimodule on KK(X ;A,B)
([11, 2.19]). In particular, there is a morphism of unital rings
iA : RK
0(X)→ KK(X ;A,A) , iA(M, F ) := (M, F )× [1]A . (4.1)
If E → X is a vector bundle, then it turns out that iA[E ] = (Ê ⊗X A, 0).
Let A be a C0(X)-algebra, Pic(X ;A) the set of isomorphism classes of
imprimitivity C0(X)-Hilbert A-bimodules (Ex.4.2). We endow Pic(X ;A) with
the operation of internal tensor product ⊗A ; note that the bimodule Aι defined
in Ex.4.3 is a unit for Pic(X ;A). By applying the argument of [3, §3], it is
verified that if M is an imprimitivity C0(X)-Hilbert A-bimodule, and M is
the conjugate bimodule, then M is an imprimitivity bimodule, and the map
M⊗AM→ K(M) ≃ Aι , ψ
′ ⊗ ψ 7→ θψ′,ψ
defines an isomorphism of C0(X)-Hilbert A-bimodules (θψ′,ψ ∈ K(M) is de-
fined by (3.1)). Thus, Pic(X ;A) is a group, called the Picard group of A .
Let outXA denote the group of C0(X)-automorphisms of A modulo inner
automorphisms induced by unitaries in M(A). If A is σ -unital, then by [3,
Cor.3.5] we obtain a group anti-isomorphism
θ : Pic(X ;A⊗K)
≃
−→ outX(A⊗K) , M 7→ θM . (4.2)
The previous isomorphism has to be intended in the sense that every imprimi-
tivity (A ⊗ K)-bimodule is isomorphic to a bimodule of the type described in
Ex.4.3.
Example 4.4. Let X be a paracompact Hausdorff space. Then Pic(X ;C0(X))
is isomorphic to the Cech cohomology group H2(X,Z). In fact, imprimitivity
C0(X)-Hilbert C0(X)-bimodules correspond to modules of continuous sections
of line bundles over X ; on the other hand, it is well-known that the set of line
bundles, endowed with the operation of tensor product, is isomorphic as a group
to H2(X,Z) (see [3, §3]).
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We denote by KK(X ;A,A)−1 the multiplicative group of invertible ele-
ments of KK(X ;A,A). The argument of Rem.4.2 implies that there is a group
morphism
πA : Pic(X ;A)→ KK(X ;A,A)
−1 , M 7→ (M, 0) . (4.3)
Example 4.5. We refer to Ex.4.4. Let X be a locally compact, paracompact
Hausdorff space. Then, we have a group morphism
πX : H
2(X,Z)→ RK0(X)−1 ,
assigning to the isomorphism class of a line bundle the corresponding class in
K -theory.
5 Graded A-bundles.
Aim of the present section is to assign KK -theoretical invariants to A-bundles
carrying a suitable circle action.
5.1 Circle actions.
Let A be a C*-algebra carrying an automorphic action α : T → autA . The
C*-dynamical system (A,T) is said full if A is generated as a C*-algebra by
the disjoint union of the spectral subspaces
Ak :=
{
a ∈ A : αz(a) = z
ka , z ∈ T
}
, k ∈ Z .
Note that Ah · Ak ⊆ Ah+k , (Ak)∗ = A−k , h, k ∈ Z . In particular, every Ak is
a Hilbert A0 -bimodule in A (Def.3.2). Note that Ak is full as a right Hilbert
A0 -module if and only if A−k · Ak = A0 . Moreover, there is a natural map
Ak · A−k → K(Ak), t′t∗ 7→ θt′,t .
A C*-dynamical system (A,T) is said semi-saturated if A is generated as a
C*-algebra by A0 , A1 (see [9, 1]). It is clear that if A is semi-saturated, then
A is full. From the above considerations, we obtain the following lemma.
Lemma 5.1. Suppose A0 = A1 · A−1 = A−1 · A1 . Then, A1 is an imprimi-
tivity A0 -bimodule; if A1 is countably generated, the class δ1(A) := (A1, 0) ∈
KK0(A0,A0) is defined.
Example 5.1. Let M be a full Hilbert A-bimodule, OM the associated CP-
algebra. Then, OM is semi-saturated w.r.t. the circle action (3.3), so that every
OkM , k ∈ Z , is an imprimitivity bimodule over the zero-grade algebra O
0
M .
The previous example is universal, as we will show in the next lemma.
Let us introduce the following terminology: if (A,T, α), (B,T, β) are C*-
dynamical systems, a graded morphism is a C*-algebra morphism φ : A → B
such that φ(Ak) ⊆ Bk , k ∈ Z . Graded morphisms will be denoted by the
notation φ : (A,Z)→ (B,Z).
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Lemma 5.2. ([1, Thm.3.1]) Let (A,T) be semi-saturated, and A1 full as a
Hilbert A0 -bimodule. Then, there is a graded isomorphism (A,Z) ≃ (OA1 ,Z) ,
where OA1 is the CP-algebra associated with A
1 .
Proof. It is a direct consequence of Prop.3.3: in fact, A1 is a Hilbert A0 -
bimodule in A with support 1, and generates A as a C*-algebra.
5.2 Graded Bundles.
As usual, we denote by X a locally compact Hausdorff space.
Definition 5.3. Let (A, G, α) be a C*-dynamical system. An A-bundle (F , (πx :
F → A)x∈X) has a global G-action if there exists an action αX : G →
autXF , such that πx ◦ αX = α ◦ πx for every x ∈ X .
Let F be a A-bundle carrying a global T-action. Then, every spectral
subspace Fk , k ∈ Z has a additional structure of C0(X)-Hilbert F0 -bimodule,
in fact ft = tf , t ∈ Fk , f ∈ C0(X). We say in such a case that F is a graded
A-bundle.
Proposition 5.4. Let (A,T, α) be a semi-saturated C*-dynamical system, with
A1 full as a Hilbert A0 -bimodule. Moreover, let X be paracompact. Then, for
every graded A-bundle F over X there is an isomorphism (F ,Z) ≃ (OF1 ,Z) .
If B is a graded A-bundle, there is an isomorphism (F ,Z) ≃ (B,Z) if and only
if the Hilbert bimodules F1 , B1 are covariantly isomorphic.
Proof. We prove that (F ,T, αX) is semi-saturated, and that F1 is full as a
Hilbert F0 -bimodule. Let U := {U ⊆ X} be an open (locally finite) trivializing
cover (i.e., every restriction FU := C0(U)F is isomorphic to C0(U) ⊗ A , U ∈
U ). Since αX(t) ∈ FU , t ∈ FU , for every U ∈ U we obtain a global action
αU : T→ autUFU . Since FU is a trivial bundle, it is clear that (FU ,T, αU ) is
semi-saturated, and that F1U is full as a Hilbert F
0
U -bimodule. We now consider
a partition of unit {λU ∈ C0(X)} subordinate to U ; since every t ∈ F admits
a decomposition t =
∑
U λU t , with λU t ∈ FU , we conclude that (F ,T, α
X)
is semi-saturated, and that F1 is full. By applying Lemma 5.2, we obtain
the isomorphism (F ,Z) ≃ (OF1 ,Z). The second assertion is an immediate
consequence of the Z-grading defined on F , B .
Corollary 5.5. With the above notation, every Fr is an imprimitivity F0 -
bimodule, r ∈ N .
Proof. It suffices to consider the identifications K(Fr) ≃ Fr · (Fr)∗ ≃ F0 .
From Prop.5.4, we have an interpretation of the set of isomorphism classes of
graded A-bundles in terms of covariant isomorphism classes of C0(X)-Hilbert
bimodules. Thus, a description in terms of KK(X ;−,−)-groups becomes nat-
ural. As a first step, we consider the zero grade algebra; for every C*-algebra
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A , we denote by H1(X, autA) the set of isomorphism classes of A-bundles
over X (see for example [23, Thm.2.1] for a justification of such a notation).
H1(X, autA) has a distinguished element, called 0, corresponding to the trivial
A-bundle.
Let F be a graded A-bundle over X . We define
δ0(F) := [F
0 ⊗K] ∈ H1(X, aut(A0 ⊗K)) . (5.1)
Thus, the equality δ0(F) = δ0(B) is intended in the sense that F0 , B0 are
stably isomorphic as A0 -bundles.
Remark 5.1. Let X be a pointed, compact, connected CW -complex such that
the pair (X, x0), x0 ∈ X , is a homotopy-cogroup. We denote by SX the
(reduced) suspension. In order for more compact notations, we define X• :=
X − {x0} . It follows from a result by Nistor ([17, §5]) that
H1(SX, autO0d) ≃ [X, autO
0
d]x0 ≃ KK1(CO
0
d , X
•O0d) ,
where CO0d :=
{
(z, a) ∈ C⊕ C0([0, 1),O
0
d) : a(0) = z1
}
is the mapping cone.
We also find
H1(SX, aut(O0d ⊗K)) = [X, aut(O
0
d ⊗K)]x0 ≃ KK0(O
0
d , X
•O0d) .
In particular, when X is the (n− 1)-sphere, we obtain H1(Sn, autO0d) = {0} ,
as proved also in [22, Thm.1.15].
Let X be a σ -compact metrisable space, A separable and σ -unital; then,
every graded A-bundle F over X is separable and σ -unital, and F1 is count-
ably generated as a Hilbert F0 -bimodule (in fact, F is countably generated
over compact subsets). Moreover, Cor.5.5 implies that F0 acts on the left on
F1 by elements of K(F1). Thus, we define
δ1(F) := (F
1, 0) ∈ KK(X ;F0,F0) . (5.2)
With an abuse of notation, in the sequel we will denote by δ1(F) also the class
of (F1, 0) in KK0(F0,F0) obtained by forgetting the C0(X)-structure. Note
that since F1 is an imprimitivity bimodule, we find that δ1(F) is invertible;
thus, the Kasparov product by δ1(F) defines an automorphism on KK0(B,F0)
for every C*-algebra B . In particular, δ1(F) ∈ autK0(F0).
From [20, Thm.4.9] and Prop.5.4, we get an exact sequence for the KK -
theory of F . It is clear that in the case in which F is the CP-algebra of a vector
bundle, we may directly apply [20, Thm.4.9] by replacing F0 with C0(X).
Corollary 5.6. For every separable C*-algebra B , and graded A-bundle F ,
the following exact sequence holds:
KK0(B,F0)
1−δ1(F)// KK0(B,F0)
i0 // KK0(B,F)
δ0

KK1(B,F)
δ1
OO
KK1(B,F0)
i1oo KK1(B,F0)
1−δ1(F)oo
(5.3)
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where i∗ are the morphisms induced by the inclusion F0 →֒ F , and δ∗ are the
connecting maps induced by the KK -equivalence between F0 , TF1 .
We introduce a notation. Let F , B be graded A-bundles with δ0(F) =
δ0(B); then, there is a C0(X)-algebra isomorphism α : F0 ⊗ K → B0 ⊗ K ,
and a ring isomorphism α∗ : KK(X ;F0,F0)→ KK(X ;B0,B0) is defined. We
write
δ(F) = δ(B) ⇔ δ0(F) = δ0(B) and α∗δ1(F) = δ1(B) ; (5.4)
note that we used the stability of KK(X ;−,−), so that we identified (F1, 0) ∈
KK(X ;F0,F0) with (F1⊗K, 0) ∈ KK(X ;F0⊗K,F0⊗K). The tensor product
of F1 by K is understood as the external tensor product of Hilbert bimodules.
Note that α∗δ1(F) = ((F1⊗K)α, 0), where (F1⊗K)α is the pullback bimodule
defined as in Ex.3.1. Let us now consider the natural Z-gradings on F ⊗ K ,
B⊗K induced by F , B ; if there is an isomorphism α : (F⊗K,Z)→ (B⊗K,Z),
then δ(F) = δ(B).
Example 5.2. Let F := XA ; then, δ1(F) = δ1(A)×[1]X (we used the notation
(2.1)).
Let F be a graded A-bundle. In general, it is clear that elements of KK(X ;F0,F0)
do not arise from grade-one components of graded A-bundles. Anyway, they
can be recognized by considering any open trivializing cover U := {U ⊆ X} for
F , and by noting that the conditions δ0(F0U ) = 0, δ1(F
1
U ) = δ1(A)× [1]U hold
(see previous example).
Remark 5.2. Let F , B be graded A-bundles over a σ -compact Hausdorff space
X , with a fixed C0(X)-isomorphism α : (F0 ⊗ K,Z) → (B0 ⊗ K,Z). The
pullback bimodule (F1 ⊗K)α has the same class as B1 ⊗K in Pic(X ;B0 ⊗K)
if and only if there is a C0(X)-isomorphism (F ⊗ K,Z) → (B ⊗ K,Z) (see
Prop.5.4). Let θ(F) := θF1⊗K ∈ autX(F
0 ⊗ K) be defined according to (4.2),
up to inner automorphisms. The CP-algebra associated with (F0 ⊗ K)θ(F) is
graded isomorphic to (F0 ⊗K)⋊θ(F) Z (see Ex.4.3); by universality, we obtain
the isomorphism
(F ⊗K,Z) ≃ ((F0 ⊗K)⋊θ(F) Z,Z) .
Thus, Pic(X ;F0⊗K) describes the set of graded isomorphism classes of stabi-
lized A-bundles. The map
Pic(X ;F0)→ KK(X ;F0,F0) , θ(F) 7→ δ1(F)
gives a measure of the accuracy of the class δ1 in describing the set of graded
isomorphism classes of stabilized A-bundles.
Example 5.3. Let E → X be a rank d vector bundle. We denote by αX :
T → autXOE the circle action (3.3). Let now πx : OE → Od , x ∈ X , be the
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fibre epimorphisms of OE as an Od -bundle; we denote by αx : T → autOd
the circle action (3.3) on the Cuntz algebra. By definition, it turns out that
πx ◦ αX = αx ◦ πx , thus αX is a global T-action. Moreover, αX is full and
semi-saturated, according to Ex.5.1. Thus, the previous considerations apply
with F = OE , A = Od ; in particular, O
1
E is an imprimitivity C0(X)-Hilbert
O0E -bimodule.
5.3 The KK -class for the CP-algebra of a vector bundle.
Let E → X be a rank d vector bundle over a σ -compact Hausdorff space X .
We denote by i : RK0(X) → KK(X ;O0E ,O
0
E) the structure morphism (4.1).
In order to simplify the notation, we write 1d := [1]O0
d
∈ KK0(O0d,O
0
d). The
following result has been proved in [24, Thm.5.6].
Theorem 5.7. With the above notation,
δ1(OE) = i[E ] = [E ]× [1]O0
E
. (5.5)
In particular, δ1(XOd) = d[1]X × 1d .
We now discuss the properties of the class δ1(OE ) in the case in which the
base space is an even sphere S2n ; for this purpose, recall that K0(S2n) = Z2 ,
K1(S2n) = 0. We will also make use of the ring structure of K0(S2n), induced
by the operation of tensor product: it turns out that there is a ring isomorphism
K0(S2n) ≃ Z2[λ]/(λ2), i.e., the elements of K0(S2n) are polynomials of the
type z+λz′ , z, z′ ∈ Z , with the relation λ2 = 0 ([10, Chp.11]). Tensoring by a
vector bundle E → S2n with class d+ λc ∈ K0(S2n) defines an endomorphism
λE ∈ endK
0(S2n), λE(z + λz
′) := dz + λ(dz′ + cz). We also denote by ι :
ι(z + λz′) := z+ λz′ the identity automorphism on K0(S2n). Note that ι− λE
is injective (for d > 1).
We can now compute the K -theory of OE over even spheres: the exact
sequence [20, Thm.4.9], and the above considerations, imply
Z2
ι−λE //
Z2
i0 // K0(OE)
0

K1(OE)
0
OO
0
i1oo 0
0oo
so that, we have the K -groups
K0(OE ) =
Z2
(ι − λE)Z2
, K1(OE) = 0 .
In the case in which d − 1 and c are relatively prime, some elementary com-
putations show that K0(OE) = Z(d−1)2 . This shows that OE is non-trivial as
an Od -bundle: in fact, the Kunneth theorem ([4, §23]) implies K0(S
2nOd) =
Zd−1 ⊕ Zd−1 .
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We now pass to describe the class δ1(OE). For every rank d vector bundle
E → S2n we find δ0(OE ) = 0, in fact O0E ≃ S
2nO0d (see Rem.5.1); we denote by
αE : KK(S
2n;O0E ,O
0
E)→ KK(S
2n ; S2nO0d, S
2nO0d)
the induced ring isomorphism. The Kunneth theorem implies{
K0(S
2nO0d) = K
0(S2n)⊗K0(O0d) = Z
2 ⊗ Z
[
1
d
]
KK0(S
2nO0d, S
2nO0d) = end
(
Z2 ⊗ Z
[
1
d
])
where Z
[
1
d
]
is the group of d-adic integers ([4, 10.11.8]). We denote by
(z + λz′)⊗ q , z, z′ ∈ Z , q ∈ Z
[
1
d
]
,
the generic ”elementary tensor” in K0(S
2nO0d). Let now
δ′1(OE) := αE ◦ δ1(OE) = αE ◦ i[E ] ∈ KK(S
2n ; S2nO0d , S
2nO0d) ;
it is clear that δ′1(OE) = [E ] × [1]S2nO0d is the KK -class associated with the
bimodule Ê⊗X (S2nO0d). We denote by βE ∈ autK0(S
2nO0d) the automorphism
induced by δ′1(OE); it follows from the above considerations that βE = λE×1d ∈
end
(
Z2 ⊗ Z
[
1
d
])
. Thus, we find
βE((z + λz
′)⊗ q) = λE(z + λz
′)⊗ q = [dz + λ(dz′ + cz)]⊗ q . (5.6)
Theorem 5.8. Let E , E ′ → S2n be rank d vector bundles. Then, the following
are equivalent:
1. δ′1(OE) = δ
′
1(OE′) ∈ KK(S
2n ; S2nO0d , S
2nO0d) ;
2. there is a C(S2n)-isomorphism (OE ⊗K,Z)→ (OE′ ⊗K,Z) ;
3. [E ] = [E ′] ∈ K0(S2n) .
Proof.
1) ⇒ 3): we have δ′1(OE) = δ
′
1(OE′) if and only if βE = βE′ ; thus, (5.6)
implies βE(1⊗1) = (d+λc)⊗1 = (d+λc′)⊗1 = βE′(1⊗1), where [E ] := d+λc ,
[E ′] := d + λc′ . From the equality (d + λc) ⊗ 1 = (d + λc′) ⊗ 1, we conclude
[E ] = [E ′] (note that we know a priori that E , E ′ have the same rank d).
3) ⇒ 2) follows from [24, Prop.5.10].
2) ⇒ 1) is trivial by definition of δ1 .
Let E , E ′ → S2n be rank d vector bundles with classes [E ] = d+ λc , [E ′] =
d+ λc′ , such that d− 1, c and d− 1,c′ are relatively prime; then, K0(OE) =
K0(OE′) = Z(d−1)2 . If c 6= c
′ , then the previous theorem implies that OE is
not graded stably isomorphic to OE′ , and δ1(OE ) 6= δ1(OE′). This shows that
δ1 is a more detailed invariant w.r.t. the K -theory of OE .
We conclude with a remark about odd spheres: in this case K0(S2n+1) = Z ,
so that for every rank d vector bundle E → S2n+1 we find [E ] = d . Thus, [24,
Prop.5.10] implies (OE ⊗K,Z) ≃ (S2n+1Od ⊗K,Z).
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